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Frequency-Specific Effects of Stabilization Policies 

By William A. Brock, Steven N. Durlauf, and Giacomo Rondina* 

In this paper, we describe a set of trade-offs 
that policymakers face with respect to fluctua? 
tions at different frequencies. A complete treat? 

ment is given in Brock, Durlauf, and Rondina 

(2008). The presence of frequency-specific 
effects of policy choices has generally not been 
a focus of macroeconomic policy analysis, 
important exceptions include Alexei Onatski 
and Noah M. Williams (2003). Our analysis dif? 
fers from previous studies in that our objective 
is to understand to what extent a policymaker is 

forced, when choosing a feedback rule to sta? 
bilize the economy, to exacerbate volatility at 
some frequencies in order to reduce them at oth? 
ers, or whether it is possible to reduce volatil? 

ity at all frequencies. These trade-offs, known 
as design limits in the control theory literature, 
are important in understanding what stabiliza? 
tion policies do, and also possess implications 
for policy design in the presence of policymaker 
ignorance. 

I. An Example 

Let xt denote a scalar state variable that obeys 

(1) xt 
= 

?Etxt+i 4- axt-x + but-i + st, 

where ut is a control variable and st is white 
noise. Expectations are assumed to be rational. 
This is a scalar version of the sort of systems that 
are often studied in macro; the new Keynesian 
Phillips curve has this structure. We initially 
study simple control rules of the form 

(2) ut 
= 

cxt. 

Letting Hc = l(a + bc)/(l + Vl -4?(a + bc)), 
the state variable follows 

(3) xt = Hcx^ + {l/(a + bc))Hcer 

Frequency-specific information about the effects 
of a policy rule is lost when one only consid? 
ers the effects of the rule on the variance. To 
uncover these effects, it is useful to compare 

fx\c(<*)) with/jciw:^)' ̂e sPectral density of the 
state if the policymaker exercises no control, 
i.e., the policymaker sets ut 

= 0 Vi. Comparison 
of the control and no-control spectral density 
allows one to fully characterize the temporal 
effects of a stabilization rule. 

To understand these frequency-specific 
effects, we initially consider a special case 
of (1): ? 

= 0. For the backward-looking ver? 
sion of model (1), it is immediate that 

fx\NC((*>) = 
a2e/(l7r(l 

? la cos ? + a2)); feedback 
rules of the form (2) produce fx\C (co) 

= a2/ 

(2tt(1 
- 1 (a + be) cos w + (a + be)2)). 

Assume the feedback rule is chosen so that 
var (xt) is minimized, i.e., c* = ?alb is stable 
for ? 

= 0. It is easy to verify that there must 
exist a aj > 0 such that /x)C (a)) >fx\NC (u>) if H 
> ?o. Therefore, variance minimization requires 
the policymaker to trade off lower frequency 
variance against higher frequency variance. 

For the general state equation in which a 

forward-looking term is present, i.e., ? ?=? 0, 
the frequency-by-frequency effects of a con? 

trol are more complicated. The spectral den? 

sity for the no control case is 
fx^NC (co) 

= 

a2eH2NC/{l7ra2(l + H2NC 
- 

1HNC cos co)), 
where HNC 

= 
la/(l + Vl 

- 
4?a).1 The vari? 

ance minimizing feedback rule is c* = (\/b) 
X {[(1 

- 
Vl + S?2 

- 
4/32)/(8/3)] -a}; the 

* Brock: Department of Economics, University of Wis? 
consin, 1180 Observatory Drive, Madison, WI 53706-1393 

(e-mail: wbrock@ssc.wisc.edu); Durlauf: Department of 
Economics, University of Wisconsin, 1180 Observatory 
Drive, Madison, WI 53706-1393 (e-mail: sdurlauf@ssc. 

wisc.edu); Rondina: Department of Economics, University 
of California at San Diego, 9500 Gilman Drive, La Jolla, 
CA 92093-0508 (e-mail: grondina@ucsd.edu). 

1 
We assume that the parameters {a, ?} are such that 

an equilibrium solution to the equilibrium law of motion 
for the state always exists. The qualitative properties of the 
trade-offs we describe hold regardless of whether there are 

multiple solutions. 
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associated spectral density isfx^c (co) 
= 

cr2eH2cl 

{lir(a + be)2 (I + Hi 
- 

1HCcos ?)). Under 
the policy c*, the maximum value of fx^c (co) 

- 

fx\NC (w) occurs at a> = -77,77 if HNC > 0. This 

happens because, under c*,Hc < 0 so that the 
reduced-form solution of the system becomes an 

AR(l) with a negative coefficient, i.e., the spec? 
tral density is monotonically increasing from a) 
= 0 to 77(-7t). In contrast, under no control, 
since HNC > 0, the spectral density is monotoni? 

cally decreasing from <o = 0 to 77 (-77). Similar 
to the backward-looking case, one can see that 
a sufficient condition for a trade-off to occur is, 

for it) = -77, 77, 

(4) fx\c(u)-fx\Nc{<?) 
= 

(a2Jl7r)[{H2cl{(a^bcy(\+Hc)2)) 

-{H2NC/{a2(l+HNC)2))]>0. 

While this condition is complicated, there do 
exist parameter values that fulfill the inequal? 
ity; there also exist parameter values that do not. 

Hence, a variance minimizing policy may again 
be associated with trade-offs of volatility across 

frequencies. 

II. From Example to General Principles: 
Fundamental Limitations on Policy Effects 

The example we have analyzed captures 
some general principles concerning the abil? 

ity of policies to reduce variance at different 

frequencies. Design limits are a long-standing 
part of control theory (see Huibert Kwakernaak 
and Raphael Sivan (1972) and Sigurd Skogestad 
and Ian Postlethwaite (1996) for overviews). 

Unsurprisingly, the control theory literature has 
focused exclusively on backward-looking sys? 
tems and so misses a key feature of economic, 

as opposed to engineering, systems. Brock, 

Durlauf, and Rondina (2008) provide an inte? 

grated treatment of design limits for general 
bivariate systems of the form 

(5) A0xt 
= 

?Etxt+x + A(L)xt_x 

+ B(L)ut_x + et. 

The basic idea of the design limits approach 
to understanding stabilization policy is to rec 

ognize that for a given policy rule (for us a 
feedback rule ut 

= 
C(L)xt), the variance covari 

ance matrix of the state vector of interest, 2X|c> 
is the integral of the associated spectral density 

matrix of the states: 

(6) %x\c= fxicMdo). 

In comparing a controlled system to an uncon? 
trolled system, one can provide the interpreta? 
tion that a control rule transforms the spectral 
density of the state vector from fx^NC (co) 

into 

/x|c(w) (where we assume these spectral densi? 
ties exist). One can demonstrate that each choice 
of a control rule produces an associated matrix 

Sc((o) such that 

(7) fx\c(<?) 
= sc (<?)fx\Nc(M)Sc((*)> 

where 5" denotes conjugate transpose, 

Sc (co) is known as the sensitivity matrix and 
describes how a feedback rule reshapes the 

spectral density matrix. From this perspective, 
different feedback rules are equivalent to dif? 
ferent sensitivity functions. The optimal policy 
problem is nothing more than the problem of 

choosing a particular sensitivity function; the 

policymaker is constrained in this choice by the 
model (5) which implicitly determines which 

sensitivity functions are feasible. These con? 

straints are sometimes known as fundamental 

limitations, as they fully characterize the extent 
to which a control can or cannot reduce vari? 
ances frequency by frequency. 

Brock, Durlauf, and Rondina (2008) provide 
results on the set of sensitivity functions avail? 
able to a policymaker. These results represent 
generalizations of a remarkable set of theorems 
that originate with Henrik Bode, which show 
that the constraints that exist on available sensi? 

tivity functions may be described by scalar inte? 

gral equations. Our first theorem is known from 
the control theory literature. 

THEOREM 1: Restrictions on sensitivity func? 
tion for backward-looking models. 

Assume (5), ut = C(L)xt, ? 
= 0 and that the 

no-control system is stationary in levels. Then, 

(8) log(|detS(c?)|2)dw 
= 0. 

^ -TT 
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A variance reduction at every frequency oj re? 

quires that |det S(o))\2 < 1, V?>, which implies 
that J^log(|det5,(w)|2)jco<0,andisruledout 
by the tneorem. Hence, frequency-specific trade? 
offs are inevitable in backward-looking models. 

The analogous theorem for a model with for? 
ward- and backward-looking elements is: 

THEOREM 2: Restrictions on sensitivity 
function for forward- and backward-looking 
models. 

Assume (5), ut 
= 

C(L)xt, ?^O and that the 
no-control system is stationary in levels. Then, 

(9) log (|det S((o)\2) dto = K(M,C) 
< 0. 

In this theorem, K(M, C) represents a constant 
that is both model and control-specific. This is 
a first important difference with the backward 

looking case: when forward-looking elements 
are present, each control rule produces a different 

sensitivity constraint and is analogous to a situa? 
tion in which a consumer's consumption bundle 
affects his budget constraint. This dependence 
of the integral constraint on the control rule 
does not occur for backward-looking models. 
The second important difference is that K(M, C) 
can, for some models and some choices of con? 

trol, be negative. This means that forward-look? 

ing systems can achieve variance reductions 
for all frequencies. That said, forward-looking 
systems also involve fundamental trade-offs, 
even if uniform frequency-specific reductions 
are achieved, since there are trade-offs even in 
this case with respect to the degree of variance 
diminution. 

There are a number of interesting proper? 
ties of design limits that move beyond these 
theorems. If the no-control system contains ex? 

plosive roots, then the admissible values of 

/^ log (|det S(o))\2) dco are affected and exac? 
erbate the trade-offs; for the backward-looking 
system, the integral must be positive. And if the 
number of state variables exceeds the number 
of controls, additional restrictions are placed on 
the ability of the policymaker to shape/X)C (o>). 
These restrictions represent the frequency-by 
frequency complement to classical results by 
Jan Tinbergen on the relationship between the 
number of instruments and states. 

III. Implications for Policy Evaluation 

Design limits have implications for how one 
should think about the choice of a policy rule. 

Returning to the scalar model (1), we now con? 
sider general feedback rules of the form 

(10) ut 
= 

c(L)xt. 

If the policymaker wishes to minimize var (xt), 
one can show that the optimal feedback rule 

produces the variance minimization (VM) con? 
trol process 

(11) u? = 
cVM(L)xt 

= 
~(l/b)((? + a - a?L)/(l 

- 
?L))xt. 

This rule can produce increases in variances 
at some frequencies, relative to the no-control 
case. Setting the model parameters at a 

= 0.25, 

? 
= 

0.55, b = 1, and cr2e 
= 

1, the optimal control 
rule is cVM(L) 

= 
-0.8(1 

- 
0.17L)/(1 

- 
0.55L). 

We report the associated spectral density for this 
control rule in Figure 1. The spectral density for 
the no-control case is also reported. As the fig? 
ure indicates, the variance minimizing control 
rule increases variance at the higher frequencies 
relative to the no-control case. 

The increase in variance for higher frequen? 
cies associated with variance minimization is 
not a necessary feature of a variance reducing 
rule. In other words, there exist alternative rules 
to (11) which reduces the spectral density of the 
state at all frequencies, when compared to the 
no-control case. A Reduction of Variance at all 

Frequencies (RVF) rule of course reduces over? 
all variance. The possibility that such rules exist 
is one of the implications of Theorem 2. For the 

parameters of our example, one RVF rule is 

(12) uRVF = cRVF(L)xt 
= - 

(0.1/(1 
- 

0.1L))xt. 

The spectral density produced by this rule also 
appears in Figure 1. 

The different frequency-specific properties 
of cVM(L) and cRVF(L) are important when one 
raises the question of the sensitivity of policy 
rule comparisons to the choice of loss function. 

When the policymaker is certain that the var (xt) 
is the appropriate measure of loss, then cVM(L) is 

by definition the optimal one. But the assump? 
tion that this is the appropriate loss function 
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Figure 1. Spectral Densities of State Variable for No Control, VM, and RVF 

assumes very strong prior information on the 

part of a policymaker. As such, the assump? 
tion appears unappealing in light of arguments 
pioneered by Lars Hansen and Thomas Sargent 
(2007) on the information limitations faced by 
economic actors concerning the specification of 
the economic environment. In other words, the 

comparison of the policies we have described 

requires that the policymaker take a stance on 
the degree of model uncertainty he faces, in this 
case with respect to the appropriate choice of 
loss function. Put differently, one can consider 
a class of loss functions 

(13) f \(co)fxlc(co)da) -* -IT 

that allows for different frequency-specific 
weights; this formulation of a loss function 

originates in Charles Whiteman's (1985) foun 
dational work on spectral utility. Loss functions 
of this type may be of interest for several rea? 
sons. The standard loss function in models of 
this type, which assumes that A(<o) 

= k V (o, 
is simply a special case that is not necessarily 
appropriate. Christopher Otrok (2001) shows 
how non-time separable preferences can lead to 
differences in frequency-specific weights, with 

higher-frequency weights receiving eight times 
the weight of lower frequencies. Alternatively, 

differential weights can reflect a primary con? 
cern by the policymaker about business cycle 
frequencies. 

In our view, uncertainty about the appropri? 
ate loss function is a neglected area of the new 

macroeconomic literature on model uncer? 

tainty. The focus of policy evaluation and model 

uncertainty work such as Brock, Durlauf, and 
Kenneth West (2003) or Andrew Levin and John 
C. Williams (2003) has been on the evaluation 
of policy rules under a given loss function when 
model uncertainty is embedded in the analog 
to (1). The same arguments that suggest that 
a policymaker should recognize the limits of 

contemporary macroeconomic knowledge with 

respect to the state equation for the economy 
would seem to apply with equal force to the loss 
function. Design limits can interact with model 

uncertainty with respect to the state equation 
in interesting ways. For example, Brock et al. 

(2007) explore the frequency-by-frequency 
performance of versions of Taylor rules and 
inflation targeting rules. Of course, one could 

argue that the loss function and state equation 
employed in policy evaluation should be derived 
from a common set of microfoundations. But 
even from the perspective of the strong micro 
foundations found in DSGE models, our analysis 
suggests that one should not ignore loss function 

uncertainty. 
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IV. Conclusions 

The theory of design limits provides a math? 
ematical framework for understanding the full 

range of temporal implications of alternative 

policies. As the example in this paper illustrates, 
and as developed in detail in Brock, Durlauf, 
and Rondina (2008), the choice of a policy rule 
involves a complex pattern of changes in the 

cyclical behavior of outcomes, and involves 
trade-offs across frequency-specific fluctuations. 
These complexities complement the ideas devel? 

oped in David Colander (2006) on how efforts 
to move beyond the assumptions of the standard 
DSGE model have powerful implications for 
how one understands the aggregate fluctuations. 
Our analysis shows that even within the contexts 
of a standard formulation of a macroeconomic 

model, a frequency-domain perspective reveals 
features that have generally been masked by the 
focus on variances and covariances. 
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